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Abstract 

We study a class of classical solutions for closed strings moving in AdSs x C AdS^ x with 
energy E and spin S in AdS^ and angular momentum J and winding m in S^. They have rigid 
shape with n spikes in AdS^. We find that when J or m are non-zero, the spikes do not end in 
cusps. We consider in detail a special large n limit in which S ~ n^, J ^ n, i.e. S ^ J ^ 1, with 
, ^ , ^ staying finite. In that limit the spiky spinning string approaches the boundary of 
AdS^. We show that the corresponding solution can be interpreted as describing a periodic-spike 
string moving in AdS^-pp-wave xS^ background. The resulting expression for the string energy 
should represent a strong-coupling prediction for anomalous dimension of a class of dual gauge 
theory states in a particular thermodynamic limit of the SL{2, R) spin chain. 
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I. INTRODUCTION 



Remarkable recent progress in understanding the spectrum of AdS^ x superstring 
theory was initiated, in particular, by the study of various classical string solutions. In 
particular, the energy of the well-known folded spinning string solution in AdS^ [l| describes 
the dimension of twist two gauge theory operators such as tr($V^$) in the limit of large 
spin S. The folded string solution was generalized to AdS^ x ^ and quantum corrections 
to its energy were computed jl-IH. These and similar results on the string theory side aided 
and tested the construction of all-loop asymptotic Bethe ansatz for anomalous dimensions 
of the dual gauge theory operators (see, e.g., 0-[9|). 

The closed folded string solution [l| was generalized to the case of n spikes in AdS^ in 



Id, lUj. The corresponding gauge theory states were argued [10| to represent, in particular, 
a subclass of higher twist operators in the SL{2) sector of gauge theory [12]. In the large 
S limit the spikes approach the boundary of AdS^,- It was shown in that the motion of 



spikes in this limit can be described by a string solution in an AdS^ — pp-wave metric^ 



ds' 



2dxj^dx- — iJi'^{z'^ + x1)dx\ + dxidxi + dz^ , i = l,2 (1) 



The metric ([T]) is obtained by zooming at the near-boundary region of AdS^ while at the 
same time moving close to the speed of light in an angular direction. This limit thus appears 
to be relevant for the study of strings and hence dual gauge theory operators with large spin. 
String theory in an AdS^ — pp-wave x 5*^ space is dual to A/" = 4 SYM in a 4-dimensional 
pp-wave background with (conformally flat) metric 

(is^j = 2dx+dx_ — fx^xfdx'^ + dxidxi (2) 



Indeed, this is the boundary metric of the space ([T]). In [15| several solutions for strings 
moving in the AdS^ —pp-wsive space were found. Those strings were ending at the boundary 
and therefore were dual to various Wilson loops in the field theory in the boundary pp-wave 
background ([2]). 

In this paper we consider new solutions were the string is entirely in the bulk and therefore 
should be dual to particular states in the gauge theory. Interestingly, such strings do not 
move in direction z. In usual AdS^ space in Poincare coordinates this is not possible for 
extended strings since the curvature of the metric pushes the string towards small z. Here 
this effect is compensated by the extra term in the metric ([1]) proportional to dx"^. In fact, 
the solutions we shall find can be seen as limits of the spiky string solution when the spikes 
approach the boundary while the number of spikes grows to infinity. As we shall discuss 
below, the relevant limit that one can take is — t- oo keeping and 7 = fixed: there 
is an infinite number of spikes each of which contributes a finite amount 7 to the anomalous 
dimension j = n'j = E — S. 



In [10[ it was argued that the spiky string should correspond to an operator of the type 

O = tr (vf $ vf $. . . vf $ ) (3) 



Locally this space is still AdS5. 
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Such operators can be described by a spin chain with a number of sites n being the same 
as the number of spikes. This correspondence was recently emphasized and extended in 



26[ based also on earlier work of |12l . |13| . This suggests that the above large n limit 
should be a meaningful thermodynamic limit of such spin chain, describing a strong-coupling 
asymptotics of the corresponding anomalous dimension. 

More precisely, the operators in the SL{2) sector of planar A/'=4 SYM theory are built 
out of J powers of complex scalar $ and S powers of light-like covariant derivative V+, sym- 
bolically, tr(V^$"^). The eigen-states of the dilatation operator or spin chain Hamiltonian 
are labeled in addition to S and J by other quantum numbers corresponding, e.g., to the 
number of spikes n ot G winding number m on the dual string theory side. Their 
scaling dimension may then be written as 

E = S + J + -f{S,J,m,n-X), (4) 

where A is 't Hooft coupling. We shall assume that the spin chain length J is large enough so 



that one can ignore the wrapping contributions |27|, i.e. that 7 should have the asymptotic 
Bethe ansatz p] description for all values of A. On the perturbative gauge theory side one 
may consider the limit of large S (and large J) at fixed A, e.g., at each order in expansion 
in A < 1. To describe the corresponding states in terms of semiclassical strings one is to 
consider first A 1 with fixed S = J = ^ and then take S large order by order 

in expansion. The two expansions are not a priori the same and may require a certain 
resummation in order to match. 

Here we propose to consider the following special case of the 5 ^ J ^ 1 limit on the 
gauge-theory side (jl]): 

E \ S , E — S „ J ^^m 
> 1, with — = A, = B, - = K, — = k fixed (5) 

n n n 

This limit is to be taken at fixed A, i.e. the fixed ratios may be functions of A. ^ Equivalently, 
we assume that for — )■ 00 



o^ 



E = -An^ + -Bn + O(n^) , S = -An'^ - -Bn + 0(n 

2 2 ^ ^ 2 2 ^ 

J = Kn + 0{n'^), m = kn + 0{n°). (6) 

Then E n^, S" ~ n^, J ~ n so that S ~ nJ, i.e. S J ^ 1. The operator ([3]) represents 
a particular state that may be relevant in such limit having J = n. More generally, one may 
consider 

= tT (^vf $ vf $ . . . vf $ ) ~ tr (V7$ . . . ) (7) 

with a = 

To define a similar limit on the semiclassical string theory side we need again to remember 
that to have a consistent ct' ~ expansion we are to take A ^ 1 first with all the parameters 



Since S, J, m, n should be integers it appears that only B can be a nontrivial function of A. 
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characterising a classical string solution like S = ~ ^ ^''^^ ^ being fixed, so that 

the string energy admits the expansion 

E = \^Soi<S, J, m, n) + £i{S, J, m, n) + ^^2(5, J, m, n) + ... . (8) 

V A 

Then the analog of the limit ([5]) in the perturbative string theory expansion is proposed to 
be 

n > 1, with —— = A, = B, — = JC, — = k fixed (9) 

n n n 

where £ = 

Below we shall consider only the classical string solutions for which the fixed parameters 
in (Q will not depend on a/A, i.e. we will be interested in a particular scaling limit in 
the space of semiclassical parameters.^ In this limit £^ ~ n^, 5 ~ n^, JT" ~ n so that 
S ~ ^/Xn'^ ^ n^, J ~ \/Xn ^ n. This limit is obviously different from the one (jS]) on 
the gauge theory (spin chain) side but as with other large spin limits the two may happen 
to be closely connected in certain special cases (like leading terms in large spin expansion). 
Having found the exact expression for the dimension E in for all values of S, J,m,n 
and A one should be able to consider the large n limit either as in ([5]) or as in (jO]). For 
certain terms (like familiar In S terms) the predictions of the two limits may differ only by 
interpolating functions of A, but in general to connect the expressions found in the two limits 
should require a resummation of the corresponding expansions. 

Let us mention that in the semiclassical string theory limit that we shall consider below 
the states with R-charge J ~ n like those in ([5]) will not be distinguishable from states with 
J = : to have a non-zero semiclassical spin one would need to consider the states with 
J ~ \/Xn ^ n. In other words, the spiky strings moving only in AdS^, may still be thought 
of as corresponding to SL{2) spin chain operators like (jS]). 



Below we shall also extend the discussion of the spiky strings in jlO| to include the angular 
momentum J (and winding m) in a maximal circle in S^. To obtain the solution it turns 



out to be convenient to use the conformal gauge as in pjj, |28[. The resulting solutions are 
closely related to those discussed in p^]. We shall find that the shape of the string in the 
AdSs space is very similar to the original spiky string with J' = m = 0. A careful analysis 
shows, however, that as long as JT" or m are non-zero the spikes are rounded, namely, they 
do not end in cusps. 

The introduction of allows for the possibility of taking the large or fast-string limit 
as in 0, |i341q|. The leading-order term in the string energy is then described [l^ 13] by 



an effective SL{2, R) Landau-Lifshitz (LL) model [2l|, |22| that happens to capture both 
the fast-moving string limit and the corresponding leading-order semiclassical dynamics of 
the spin chain on the perturbative field theory side. We shall show how to find the spiky- 
like solutions directly in the LL model which can then be interpreted either as fast-moving 
strings or as coherent superpositions of field theory operators. 



^ In principle, one may consider a more general limit in which the fixed parameters may be given by series 



in inverse string tension like co + + ^ + .... That would correspond to a certain resummation of 



string perturbative expansion. 
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Another limit of interest is when ^—^ is taken to be much larger that — . In that case we 
shall recover the familiar logarithmic scaling of the anomalous dimension. 

Finally, we shall also consider the AdS — pp-wave limit which for non-zero corresponds 
to taking n — > oo with the ratios in being fixed. Here each spike contributes a finite 
amount to the anomalous dimension E — S — J ^ the spin J and the winding m. In this 
limit, which should correspond, as discussed above, to a particular thermodynamic limit on 
the spin chain side, we compute the classical string energy or as a function of fixed 

parameters 4 ^jj-^jg function should represent a strong-coupling prediction for the 

thermodynamic limit of the corresponding SL{2) spin chain. It would be very interesting if 
the methods generalizing those used for the scaling function [1, [sj can be used to reproduce 
this prediction from the Bethe ansatz.^ 

This rest of this paper is organized as follows. In section 2 we shall review the original 
spiky string solution with = and show that it admits a consistent large n limit as defined 
in (Q. We shall then demonstrate that the same expression for its energy can be found by 
considering an infinite rigid string with periodic spikes in the AdS^ — pp-wave background 

©• 

As an aside, in section 3 we shall study a straight string in AdS- pp-wave background 
and show that expanding its energy at large S one is able to reproduce certain terms in the 
large 5* expansion of the folded (2-spike) string in AdS^ which is an indication of the utility 
of the pp-wave picture. 

In section 4 we shall describe in detail the construction of the generalization of the n-spike 
solution to the presence of non-zero classical 5*^ angular momentum J and winding m. We 
shall follow [ill] and use a generalized rigid string ansatz in the conformal gauge. We shall 
show that a non-zero J or m "rounds-up" the spikes and find the (implicit) expression for the 
energy as a function of the semiclassical parameters S, J ^ n, m. Then in section 5 we shall 
consider the three special cases: (a) the J7 = m = case when the solution reduces to the 
original spiky string in AdS-},\ (b) the fast-string limit with S> 1, ^ =fixed, which should 
be reproduced by the Landau-Lifshitz model; (c) the large n limit ([9]) where S ^ J ^ \ and 
which should also admit a description in terms of a rigid string in AdS'-pp-wave background. 

In section 6 we shall elaborate on the connection to the Landau-Lifshitz model by pre- 
senting the corresponding analogs of the spiky string solution in several different limits. In 
section 7 we shall demonstrate how to construct the the generalization of the periodic spike 
solution in ArfS-pp-wave background from section 2 to the presence of rotation in an extra 

C and discuss its connection to the large n limit of the solution found in section 4. 
Appendix contains a list of some useful integrals. 



More precisely, this function is defined implicitly by computing these ratios in terms of the three in- 
dependent parameters, allowing in principle to obtain any of the four quantities in terms of the other 
three. 

^ As was already mentioned, in the limit we consider J — cx) so that the wrapping contributions should be 
absent. 
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II. LARGE n LIMIT OF SPIKY STRING AS PERIODIC SPIKE SOLUTION IN 



AdS- PP-WAVE BACKGROUND 

In this section we consider a particular limit of the spiky string [To| which corresponds to 
taking the number of spikes n to infinity keeping {£ + S)/n'^ and [S — S)/n fixed. It turns 
out that such limit can be also described by a particular spiky solution for a string moving 
in an AdS-pp-wave background. This follows from the fact that, at the level of the string 
solution, this limit is the same as the one shown in [l^ to lead to an AdS-pp-wave metric. 



A. Limit of the spiky string solution 



Following [10[ we consider a rigid string rotating around its center of mass in the AdSs 
metric 

ds'^ = - cosh^p dt'^ + dp^ + sinh^p dO"^ (10) 
and described by the ansatz 

t = KT, 9 = OUT + a, p = p{a). (11) 

Then p satisfies ^ 



where Vq and Vi determine the positions of the spikes and the valleys, namely the maximal 
and the minimal values of p (or v). It is then straightforward to compute 

A^---2,/lI^r^,/^ (13) 

(14) 



S_ 

n 




v{l + v)V v{v - Vi) 



S_ p dv lv{v-vi) ^ l-vi r dv / vl-v"^ ^^^^ 



n 



2'KVQy/l - vi 1 - f 2 y vl-v'^ 47rfo v{l - v)\l v{v - Vi) 



Here n is the number of spikes, is the angular distance between spikes, and E = 2nTS 
and S = 27rTS are the energy and spin respectively (T = ^ is the string tension). The 
resulting expressions can be written in terms of elliptic functions as in [lo| but the above 
integral representations are more convenient for taking the limit we are interested in here. 
Indeed, let us rescale 



*5 

,2„, „, > ,2 



fo — )■ e fo, f 1 — e f 1 , e — )■ . (16) 



In (IQ] a variable u = cosh2p was used. Here we find it more convenient to use, instead, v — l/i 
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Then it follows from the above relations that 

1 S + S 



£-S 



n ~ 



Thus we can compute the following finite quantities 



n 



£ + S 

8-S 

n 



— 




dv' lv'{v'-vi) 



f Q — f '2 



27ru \ ~ 2v. 



Vq — 
v{v — f i) 



which are clearly invariant under the above rescaling: they depend only on the ratio 
This can be made explicit by writing them in terms of the elliptic functions: 



(17) 

(18) 
(19) 

(20) 



P = 



7 = 



E + S 
E-S 



2T 



7r6(l + b) 
T 



1 + b)E{p) - (2 + b)K{p) - b^U{l - b,p) 
1 + b)E{p) - (2 + b)K{p) + b'^U{l - b,p) 



n a/1 + & 

where we explicitly included the factor of string tension T and defined 



p 



1 



(21) 



(22) 



E(p), K(p), n(l — 6,p) are the_ standard elliptic functions (defined as in [25|]). Eliminating 
b one finds 7 as a function of P_. 

As was already mentioned in the Introduction, in 10| it was argued that the spiky string 
should be dual to the operator ^ from the SL{2) sector of gauge theory (with J = n which 
is not distinguishable from zero at the classical string theory level). The large n limit we 
just discussed should correspond to a particular thermodynamic limit of the spin chain. It 
would thus be interesting to reproduce the above strong-coupling expression for 7 on the 
spin chain side. 



B. Periodic spike solution in AdS pp-wave background 

Let us now show that exactly the same result fl2T|) can be obtained by considering a 
string moving in an AdS-pp-wave ([1]). This space arises as a particular limit of AdS^ when 
one zooms in near the boundary while at the same time moving close to the speed of light 
along the angular direction. This suggests that the ArfS'-pp-wave metric captures all the 
information necessary to understand such thermodynamic limit. This is considerably more 



than what was argued for in [IJ] since there only the leading In P_ dependence oi E — S 
was considered. 
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1. Rigid strings in an AdS-pp-wave 

As a preparation, let us start by presenting a generic description of the relevant class of 
solutions in the metric ([1]), i.e. 

1 X ih t 

ds'^ = — \2dx+dx- — yU^(-2^ + x1)dx\ + dxidxi + dz^} , x± = — ^ (23) 

We shall assume that Xi = 0, i.e. consider strings that move in the subspace spanned by x±, 
z. To respect the symmetries of the problem we shall make a partial gauge choice by taking 

x+ = T. (24) 

In this gauge the string action becomes 

//" dcxdT 
dadr C = -T -^V^'-^ + '2x'_zz' - 2x-z'^ + fx'^z^z'^ (25) 

where dot indicate derivative with respect to r and prime - with respect to a. The equation 
of motion for a;_ is 

^ f x'_ + zz'\ ^ ( 

Qa ( 

and the one for z is 



(27) 

where 

F = v/x^2^2^^?ri7^2i~?2^7^^^^ (28) 
The conserved momenta are^ 

P+ = / da-^^ = — T [ (x'_^ + zz'x'_ — X-z'"^ + a'^z'^z''^) 
J dx+ J z'^F ^ ' 



2. Periodic spike solution 

Besides x+ = r let us now make the additional gauge choice x_ = a and look for a solution 
corresponding to a rigid string moving along x = a/2(x+ + a;_) with constant velocity v. 
This implies that 



f + 1 1 i2'^~l 

z = t, = X — vt = x+ -x^ = T ^a, with r]Q = — -j-y (30) 



^ To find the expression for P+ it is convenient to assume tliat tlie gauge is x+ = kt and compute P+ 
J da^ before setting k = 1. 
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We defined rjo taking into account that, for our solution, v > 1. Notice tliat tliis does not 
imply that the string moves faster than light since its actual speed should be measured using 
the bulk metric. In fact, this implies that the string does not reach the boundary. 
With this ansatz, the X- equation of motion becomes 







which implies 



fiz"^ 



2 ' 



(31) 



(32) 



where Zq is a constant of integration. 

After gluing it with its copies under translations and reflections, the solution takes shape 
shown in figlH Using the equation f l29|) it is straightforward to compute the conserved 
quantities: 



2T 

^izl 



21 



2/iT 



20 



dz 



Zq 


z^ 




z^- 








Iz^ 




4 


-z^ 



2^2 



Z7,- Z-" 



Z^ — Z'{ 



(33) 
(34) 



which are given in terms of the position of the valleys Zq and the spikes Zi. The integrals 
can be explicitly done in terms of the elliptic functions: 



P 



2T 



- bK{p) + (1 + b)E{p) - b^U{l - b,p) 



VT+b 



1 + b)E{p) - (2 + b)K{p) + b'n{l - b,p) 



where 



p 



1-6 
1 + 6' 



Notice that when 6 — we get 



2T 1 



M2o 



b ' 



yuT In 6 



so that 



P+ ~ -fiT\nP_ 

which is the expected result [13] at the leading order in the large spin limit S* — t- oo. 
Finally, the separation Ax_ (for constant x_|_) between spikes can be computed as 

Ax_ = 



(35) 
(36) 

(37) 

(38) 
(39) 



da = 7]q dC, = 2fi 



z^ dz\ 



^2 — zl 



zl-z- 



VTT6 



1 + 6)E(p) - 6K(p) - 62n(l - 6,p) 



(40) 
(41) 
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FIG. 1: Periodic spike solution for a string in AdS-pp-wave metric. 



This allows us to compute 



2T 



6(1 + h) 



[I + 6)E(p) - hK{p) - 6^0(1 - h,p) 



;i + 6)E(j9) - (2 + 6)K(p) + 62n(l - h,p) 



(42) 
(43) 



7rP_, P+ = /i7 these expressions match the ones in 



We observe that if we set P_Ax_ 
eq.(l2T]). as claimed. 

The reason for this Ax_ factor can be understood as follows. In the limit we consider 
72 — i- oo with {E + S)/n'^ being fixed. The number of spikes is related to the angle difference 
between the spikes that scales as A9 ~ ^. Then {E + S)/n'^ = {E + S)/n x A^^ translates 
into P_Ax_ in the pp-wave picture since here = E — P^ = —{E + S). 



III. STRAIGHT STRING IN ADS PP-WAVE BACKGROUND 

The straight folded ("2-spike") string rotating in AdS^ is related, in the large spin limit, 
to the following simpler solution for a string in AdS-pp-wave background: the string moves 
along spatial x = \/2(x^ + x_) direction and is extended along z from a finite distance from 
a boundary to the horizon, i.e. ai < 2; < oo (cti is a given constant related to spin of 
solution in AdS^). If ai is non-zero the string does not touch the boundary. The profile of 
this solution is presented in figure 2. 

The corresponding ansatz for string coordinates is 

x+ = r, X- = Vt, z = f{a) (44) 

The Nambu action is 

/ = - y drda L, L = Tj^Jfi^f -2V (45) 

The simplest solution representing a "hanging" string is 

V2V^ 

z = a , ai < a < CO , z\ = (j\ = . (46) 
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boundary 



FIG. 2: Straight string solution in AdS-pp-wave metric. The string extends ah the way to infinity 



m z. 



One can check that all equations of motion are satisfied in this case. 

When the "hanging" string touches the boundary, i.e. when cri = (i.e. when = and 



thus the string moves along a;_ only) it was shown in [ij] that such a solution reproduces 
\ of the leading large spin asymptotics of the energy of the spinning folded string in AdSj,. 
Here we shall consider a more general case when the string is not touching the boundary 
but is close to it, i.e. a\ is small. The conserved charges are 



CT" \/ - at 



R + v/R' - (yl - ol 



di 2R 
- _ r A dL _ T da 1 T_ 



where in P+ we have introduced as in a large cutoff R in a, and expanded in large R. 
In the limit when ai is small, so that the end of the string is close to the boundary, we find 
that both \P-\ and P4. are large. Expressing cji in terms of P_ we obtain 



2 ' ' 2 V T 



(49) 



As was shown in [IJ] the relation to the folded string in AdS-^ with energy E and spin 5" 
can be established by formally identifying 

P+ = E-S, P- = -{E + S) (50) 

Then using that S = — |(P- + -P+) in (|49|) one obtains 



S 



2' ' 4 ' ' 4 V T 
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or, inverting this relation, 

P_| = 2^ + ^ln(2^) + ^( In-^^; 1) + ^ — + + ... (52) 



2 ' 2 V~~ T J 8 S 

Inserting P_ back into (H9|) and expanding in large S gives 



85 



P 



E-S 



ln5 + — (ln^-lj+^(ln5 + ln 



8/iR2 
T 



- 1 



64^2 



In2 5 + 21n5(ln 



8/iR2 
T 



/iR2 64/iR2 



2)+ln^:^(ln 



T 



-4) + 3 + 31n2(31n2-4) 



(53) 



+ 



The leading In S term here is (with the pp-wave scale parameter set to be = 1) the same 
as I of the InS* term in the folded string energy IJ]. To compare higher order terms let us 

formally replace T — AT with fi = 1. We then obtain from fl53l) (T — — 



2tt . 



„ ^ , A In^ + a (lnS + a)(ln5 + a-2) 

(ln5 + a) + 



7r 



27r2 



^2 



0{ 



ln^s, 



In- 



4_7rR2 



(54) 



This may be compared to the corresponding expression for the classical energy of the folded 



string in AdSs [23 



E-S 



(\nS + b) + 



X \nS + b (ln5 + 6)(ln5 + 6 



27r2 



S 



g2 



, 87r 
In —= 

Vx 



(55) 



The two expressions do have the same structure. We observe that the coefficients of the terms 
In S, ^^7^ in that do not depend on the cutoff R do match. However, the coefficients 
of some of the subleading terms which depend on R appear to disagree. This is not 



surprising since we cannot unambiguously fix the cutoff in fl49|) . 

This partial matching can be understood as a consequence of the fact that in the large 
5* limit the coefficients of the leading terms at each order in ^ receive contributions from 
the region of the folded string where p is large, while the subleading terms are sensitive to 
the smaller p region. The latter is not "seen" in the "pp-wave limit" where one zooms in at 
the near-boundary part of the 74^5*5. 



IV. SPIKY STRINGS IN AdSr, WITH ANGULAR MOMENTUM IN S^: 
GENERAL RELATIONS 

Let us now generalize the spiky string solution of [10,] to the case of non-zero semiclas- 
sical angular momentum J and winding m in S^. This should be important for a detailed 
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comparison with the states in the SL(2) sector on the gauge theory side, i.e. the strings 
should carry spin S in AdSs and spin J in C S^. 

Let us start with the AdS^ x metric in embedding coordinates and, following use 
the conformal gauge. Then the string Lagrangian takes the form 



L = — 
2 



daYod^Y* + daYid^Y* + daXd^X* + A{\Yo\^ - \Yi\^ - 1) + A(|Xp - 1^ 



(56) 



The conformal constraints are 



+ |x|'- |roT + |riT + |XT = 0, -Fq^'o* + + ^^* + c.c. = o (57) 



We shall consider the following rigid string ansatz which is similar to the one used in the 
R X case in 11 



Yo = yo{u) e'""'^ , 
u = acr + f3T 



n = yl(M)e™l^ X = a;(u)e'^^ 

With this ansatz the string Lagrangian reduces to the following 1-dimensional integrable 



(58) 
(59) 



111 . |29j mechanical system (here prime is derivative over the argument u) 



f Ql l\f\ I \l I I \l I /|2\ I l\ |2 2| \1 2| |2 I • Of '* * /\ 

(P -")(|2/ol - \V\\ - Fl)+Wo|yo| -w^\yx\ - v \x\ + iwol5[yoyQ -yoyo) 



iwi(3{yiy* - yly[) - i(3u{xx'* - x'x*) + A(|i/o|' - - 1) + A(kP - 1) 



The corresponding conserved Hamiltonian is 



(60) 



1 

H = - 
2 



- (/3 -a)(bol -\yi\ -fI)+Wo|?/o| -w^\yi\ - v \x 



i\2\ 



.2i |2 . .2i |2 ..2i |2 



After combining the two conformal constraints they can be written as 



.,2\/'L/|2 L/|2 



„'|2\ 



bo 


2 1 2 

+ wl 


yi 


2 1 2| 1 




2 , 2 




2 , 2| 1 


lz/0 


+ 


yi 


+ X 



where 



2/3 



^0 = i{yoyo - y'oyo), = iiywl' - y'lyl), 6 = K^x*' - x'x*) 



(61) 

(62) 
(63) 

(64) 



The first constraint fl62|) is conserved since it is just equivalent to —2H = 0, while the second 
one (l63l) is satisfied due to the equations of motion. The equations of motion for ■yQ,yi,x 
imply 

- a'K = -2woPiyoy*oy, (/?' - «')el = -2w,Piy,yiy, ' c^')^2 = -2i^Pixx*y 
Since we consider a closed string, the condition of periodicity in a implies periodicity in u 
yo{u) = yo{u + 27ra) , yi{u) = yi{u + 2TTa) , x{u) = x{u + 2na) (65) 
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Since yo^yi are in general complex and |?/op — |l/iP = l5 |a;p = lwe may set 



2/o = ro(M)e^'^«(") 
Then the Lagrangian (!60|) becomes 
1 



X 



L = — 



/3wo 



2 2 1 
rn -r. = 1 . 



2 222 



(66) 



/32 -a2 



I3wi 



+ 



The periodicity conditions ( l65l) imply 

ro(M) = ro(M + 27ra), 



„2^2„,,2 



+ 



«'n^r /o2 2a/.,./ , /^'^ 



ri{u) = ri{u + 2na) 



(67) 



(68) 



ipo{u) = ifoiu + 27ra) — 27rmo, V^i(m) = ^liu + 27ra) — 27rmi, i^iu) = tpiu + 27ra) — 27rm 

where mo, 1711,171 are integers. Below we shall assume that ttlq = since we consider the 
global AdS^ time t as non-compact.*^ 

The equations of motions for Lpo,(pi,tp can be integrated as 



^'0 



1 Co \ , _ 1 

/32-a2Vr2 /32-a2Vr2 "^^^y' /32 - ^2 



^--i/^Y V^' = ^^ (69) 



where Co,Ci,D are constants. The equation for ip can be integrated again so that in we 
just have a rotating string wound on a circle. Denoting the angle in C by 0, we have 



X 



{D - Pv) 

VT + 1p = VT + —z —U 

[3^ — 



(70) 



The winding number in is defined as 

r"27ra 

27rm 



du ip' = — — ^ / du 



The condition of having no winding in the t direction gives the condition 

27rmo = / du ip'o= du[- 2 + ^o/3) = (72) 

Jo 1 + ^1 

The effective Lagrangian for rg, ri that reproduces the remaining equations of motion is then 



L = -- 



ro\P'-a^) 



CI 



„2^2„,,2 



r2(/32 - ^2 _ 



CI 



+ — + 



a2zy2 



/32-a2 /32-a2 - a\ 



(73) 



We recall that in terms of the coordinates used in (fTO)) Yq = coshp e**, Yi = sinhp e'^, X = e*' 
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The Hamiltonian is 



2 "'"^ ' 2r2(/32_a2) 2(/32 - ^2) ' 2 ' ^ 2rl{(3^ - a^) 
2(/32 - a2) + 2(/32 - a2) + 2(/32 - a2) ^ ^ 



The first constraint ( I62i) is just 

-2H = (75) 
The second constraint ( 163|) gives the condition 

woCo + uiiCi + Dz/ = (76) 

In the special case of D = to which we shall return below the constants Cq and Ci will 
have opposite signs as we will assume without loss of generahty Wq, Wi are positive (one may 
assume that Ci is negative). 
The conserved charges are 

s = r/*(-^-|!4), J = Tf-^^(^^-^) (78) 

J a — — J J a — — a'' J 

Using that Tq — = 1 we get from (175!) the equation for ri 

(/32 - a2)2^;2 = (1 + rl) (^-^ + a'wlil + rl) - ^ - a^w\r\ - - a'u'^ (79) 

Let us first look for solutions with two turning points {r[ = 0) at some finite values of ri 
(the idea is that this should represent an ark of the spiky string). Considering (jTHj) at large 
ri, we observe that we need to satisfy the condition Wq < wf in order for the string not to 
reach the boundary. 

Let us express the equation fl79l) in terms of the variable v 



11 

V = ^ = — , 0<v<l (80) 

l + 2rj cosh2p' " " ^ ^ 

where we used that in terms of global AdS^ coordinate p we have ri = sinh p. Then 

{/3^ - a^fv'^ = 2v[ACy{l - v) + a^wl{l -v){l + vf - AClv\l + v) 

- a'wlil - vfil + v)~ 2{D^ + a^p^)v{l - v^)] (81) 

Without loss of generality one can set a in -u to any given value (a can be absorbed into 
other parameters). In what follows we shall assume a = 1. Then the equation (IHT]) becomes 
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where 



P(v) = v''[-AC^ - AC^ + 2{D^ + - wl - wl] + v\ACI - ACl - wl + wl) 

+ v[wl + wl- 2{D^ + + wl-wl (83) 
= l-AC^ - ACl + 2{D^ + u') - wl - wl] {v - v,){v - V2)iv - vs) (84) 

where Vn are three roots of P{v) = 0. To have a consistent string solution all roots should 
be real. We should also take into account the conditions fl751) . fl7Tl) . fl72]) which may be used 
to eliminate some of the constants in terms of the other constants. 

Let us assume that -P(f) has two positive roots < V2 < < 1, and one negative Vi < 
(as we shall see below the constants Co, Ci can be always chosen so that this is true). The 
product of the roots is determined by the parameter 

a = - ACf + 2{D^ + u^) - wl - wl = (85) 

V1V2V2, 

We note that then a < which means that between the two positive roots f2,f3 the poly- 
nomial P{v) is positive. This is our range of interest, meaning that for a physical solution 
with two turning points we have V2 < v < V'^. The two physical constants that we are to fix 
are f2, ^3. One can then find fi, Co, Ci in terms of f2, fs. We can write the polynomial as 

P{v) = [v - vi){v - V2){v - vs) = -8C1- — — (86) 

V1V2V3 (1 - t;i)(l - f2)(l - t^s) 

where now it is understood that vi is not arbitrary but is a function of f2, ^3: 

, , w?,+w^-2(u2+D2) ^ ^ 

V2+VS + V2VS '- 

The expressions for the constants Co, Ci in term of f 1, f2, are 

^2 _ wl - wl {1 + Vi){l + V2){1 + V3) ^2 ^ wl - wl {1 - Vi){l - V2){1 - V3) .gg. 

° 8 V1V2V3 ' ^ 8 V1V2V3 

We observe that for a solution satisfying — 1 < fi < < ^2 < < 1, we have Cq > and 
Cf > 0, i.e. our choice of roots of P{v) is indeed consistent. 

To get solutions with n spikes we need to glue together a number of 2n pieces of integrals 
between a minimum (^2) and a maximum (^3). In other words, wherever it appears, the 
integral / du is to be replaced by 

du = 2n — = — \ ^ /i (89) 

where Ji is defined in Appendix. The winding number m in ( 1711) becomes 

m = ^""Zj^ nh (90) 

TTy/—2a 
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Solving for D and using (1761) we obtain the equation for v 

TTTJi^J —2a ^ 



wqCq + wiCi + z/(/3i/ - 



nil 







(91) 



The condition (!72l) gives an additional relation between the constants, which allows to 
eliminate one of them, for example, /3 



2C0/5 + woPh = 

where /s is defined in Appendix. 

For solutions with n spikes the conserved charges are 



(92) 



n 



l^C, ^ , TiS _ (3C. 

—^=^1 + „ / — f;— '3' — F==-'i 

V-2a 2v-2a n 



Wi 



-^J _u-l3D 
n y/-2a 



h (93) 



where the integrals are defined in Appendix and can be written in terms of the elliptic 
integrals. Here £ = 2nT£, S = 27iTS, J = 2tiTJ. 
The cartesian coordinate Yi can be expressed as 



Yi = sinh p e*^ , 9 = Wit + J du (f'l 



The number of spikes can be introduced via A9 = |^ at fixed 



(94) 



(95) 



Here is the angle between a minimum (valley) and a maximum (/g is again defined in 
Appendix) 



Wq 



(96) 



To see whether the spikes end in cusps or not we need to evaluate the derivative at the 
maximum value in p or minimum value of f = f 2 with t fixed 



dp 

de 



p'du 



V=V2 



Widr + (^[du 



(97) 



V=V2 



Using that for fixed t we have dt = w^dr + ip'^du = we get 

dp 

de 



V=V2 



(98) 



V=V2 



Evaluating this expression we obtain 



dp 



\J P(f ) Vl — v"^ WqWi 



V=V2 



v/2t;i ^0 + ^? "ri - V 



(99) 



V=V2 
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We observe that while P{v2) = 0, the denominator does not vanishes in generaL For the 

2 2 

particular case when f 2 = "'^ , the denominator does vanish but this case corresponds to 

^0 1 

the situation when the motion is only in AdS^ (see below). Thus in general when the string 
is moving or extended in the spikes oX v = V2 are rounded, i.e. they do not end in cusps. 

To illustrate the rounding of spikes we set for simplicity D = while keeping m, u non- 
zero, and compute the angle 6 in terms of Wi,f2,f3 at fixed t 

m = ^ [(1 + V,)il + V2){1 + Vs)h{v2, V) 

2a/(1 - vi){l - f2)(l - v^) L 

_(1 _ ^2)(1 - V2){1 - V3)hiv2, V)'^ (100) 

For D = we have WqCq + WiCi = 0. The relevant equations simplify as 

wl (l + t;i)(l + t;2)(l+t;3) 



(101) 



Using (iniB in dHZD we get 



{Vi + V2) {Vi + V3) {V2 + Vs) ^^^2^ 



Wo Y t;if2t;3(^'l - l)(f2 - 1)(^^3 - 1) 

Solving for (3 in flU21) and using this in fPl gives^ 



m 



2ttwo 

The condition > Wq along with f llOip implies 



nh^/{l + vi){l + v2){l + vs) (103) 



f 2 + f 3 

■^1 + ^2 + ^^3 + '?^lf2'y3 > 0, Vi>-- (104) 

1 + V2V3 

The requirement fll04p as well as the condition coming from the positivity of the square root 
in (11021) imply certain ranges for the parameters Vi,V2,V3. 

There are two possible regimes. The first one is represented by > > ^3. This 

corresponds to spikes at maximal values of p. In contrast with the case of "true" spikes when 
the string motion is in AdS^ only [lol] here for nonzero J the spikes are rounded. A typical 
plot in this sector is shown in figure 3. The other regime is with < f 2 and corresponds 
to spikes at the minimum values of p, i.e spikes in the interior. For the string moving only in 
AdS^ this solution was found in [2J]. Here again the spikes are rounded due to the presence 
of J. A typical plot is presented in figure 4. 

Returning to the general case with D 7^ we observe that the solution is parametrized by 
only four independent parameters. For example, all the charges E, S, J, m can be expressed 
in term of the parameters — , — , — , ra, f 1, V2, f 3. Furthermore, the ratios — , — , — can be 
written in terms of n, ^1,^2,^3 using (l85l) . (|76l) . (!96l) : alternatively, we may use the set of 



Note that the overall sign in this equation is not relevant since m should be an integer number. 
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FIG. 3: Solution in polar coordinates (p, 9) for n = 3 spikes for vi = —0.8698, V2 = 0.04, t;3 = 0.865. 
The shape of the string near maximal value of the radial coordinate is actually rounded. 



n. 



wo ' 



V2,V3. The explicit expressions are not very illuminating and we will not present them 
here. Given that there are four independent parameters the energy can be written as 

£ = £{S,J,n,m) . (105) 

Without making any further assumptions this expression is rather complicated due to the 



complicated way the roots vi,V2,V3 enter the equations: as in other similar cases [11|, 129 
one is to solve a system of parametric equations containing elliptic integrals. 



V. SPIKY STRINGS IN AdS^ WITH ANGULAR MOMENTUM IN S^: 
SPECIAL CASES 

Below we shall look at few particular cases of the general solution of the previous section. 
First, we shall demonstrate how to reproduce the original spiky string solution [lO| of section 
2 in the limit when the string is not moving or stretched in S^. Another special case is the 
fast string limit of large JT" with y fixed in which one recovers the familiar BMN-type [l^ 
scaling of the spinning string energy. 

Finally, we shall consider the limit in which the spikes move close to the boundary of 
AdS^. This case corresponds to a generalization of the "pp-wave limit" discussed in section 
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FIG. 4: Solution in polar coordinates {p, 9) for n = 3 spikes for vi = —0.02, V2 = 0.04, = 0.4957. 
The shape of the string near minimal value of the radial coordinate is actually rounded. 

2 for the spiky string in AdS'^. 



A. No motion or stretching in 

This case corresponds to m = z/ = 0. The winding condition fl7T]) then imphes D = 0. 
The constraint ( j76l) gives wqCq + wiCi = which can be solved as 



Co = wif, Ci = -wof (106) 

The polynomial P{v) becomes 

P(v) = -v^l + Af)iwl + wj) + v\wl - wl){l + 4/2) + v{wl + wf) + wl - wl (107) 
with the relevant choice for the roots being {v2 < fs) 

1 — 1 , . 

vi = , V2 = 1, V3 = , 108 



Interchanging f 2 , corresponds to another branch for which the spikes are at the minimal 
value of p. In the following we focus on the the branch (11081) corresponding to the spikes at 
the maximal value of p. 
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From the condition ( !99|) we observe that in this case we indeed have spikes at f = f 2 
since ^1 _ blows up, as expected for the spiky string moving only in AdS^ [l~ 



V=V2 



Using the condition fl92l) to eliminate the parameter /5 

Wo I 



13 = (109) 



the conserved charges can be written as 

2vr ^0^2(1 + 4/2)^2 + ^2) ' 27r ^ 2{l + AP){wl + wl) 



TT _ V2f{wlh - wlh 



n wo^{l + AP){wl + wl) 



111) 



In the arguments above integrals (see Appendix) one should use given by the solution 

(doHD. 

We end up with two independent parameters ^,/. This is precisely what one needs to 
express the energy as £ = S{S^ n). While solving for ^ and / in terms of S and n analytically 
is not possible in general, one can solve the parametric equations perturbatively, e.g., for 
large S. 

The large S limit corresponds to the small V2 limit. This means wi wq- In this limit 
the integrals Is, Jg are finite. The number of spikes in this limit can be written as 

^ ih-h) (112) 



n 



^1 + 4/2 



The charges scale as 



S-S--^\nv2, ^5--^, g-S^^\n- (113) 
i.e. in this limit we obtain the expected result 

E-S = ^nln(^^)+... (114) 
27r V^A^^ 

with n = 2 corresponding to the folded string case. 



B. Fast string limit 

Next, let us consider the fast string limit, i.e. the limit of large with y fixed. In this 
limit the string energy is expected to match the energy obtained from the corresponding so- 
lution in the Landau-Lifshitz model [22| (see next section). This limit corresponds to taking 
WqjWi,^ being large while the other parameters staying finite, with, e.g., the parameters 
'Vi,V2, V3 being arbitrary. A particular situation for which we found the direct analog in the 
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LL model is for D = 0. In this case the constraint (176|) gives wqCq + wiCi = 0, i.e. at the 
leading order Co = —Ci. Plugging this into (IHHl) we obtain the relation between the f i, f2, V3 

vi = -— . (115 

1 + V2V3 

For the spin S and winding number m we find 

S = J m = VI + V1V2 + V1V3 + V2V3 h (116) 

111 

To compute E — S — J we need subleading corrections in wq, Wi, z/ so we set 

wq = w + 6wo, wi = w + 6wi, u = w, ^ 1 (117) 

Using (l85l) we find for 5wo, 6wi 

2w{5wq + 5wi) = — -{viV2 + fit's + ^2^3), 2w{5wo — 5wi) = — wl (118) 

V1V2V3 

Therefore in the fast string limit the parameters a, Cq and all integrals finite. Then the 
energy for the n-spike solution can be written as 

: 1= — -^1 H 1= (119) 

i.e. as 



f if 2f3/+ - (f if 2 + f lf3 + f2f 3) A (120) 



where f^ are related to SJ J and m via f lll5p . flll6p . This generalizes a similar expression for 
the (5", J) folded string |2|]. Eq. (11201) will be reproduced from the Landau-Lifshitz model in 
the next section. 



C. pp-wsive limit 

To obtain the solution in the "j9j9-wave limit" n — )■ 00 we are to consider the scaling 
(A; = 1,2, 3) 

ffc ^ e\k, e ^ (121) 

It turns out that in this scaling limit u and D need to be kept fixed, while the constants 
Cq, Ci scale as 

C„^e„(i + !;i±|±i^+.A C,^-e„(i-!l±|±i^ + ...) (122) 



In the limit under consideration only the leading term in the expansion of Ci + Co is relevant. However, 
Co + Ci = for £» = 0. 
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where cq is finite, and Vk here are now finite. We also want wq, wi to scale as 

^ re (123) 



Wo 



where r is finite. Using that Wq —wf = Se cgfi 112^3 we find that r = -^viV2V3. Other useful 
relations are 



2{D' + iy')-w'o-wi = 84{viV2 + viV3 + V2V3), « = -- ^ (124) 
The constraint ( !76l) becomes, at the leading order in e, 

Cor + co(wi + W2 + ^^3) + — ^ = (125) 

Wo 

and can be used to eliminate one constant. Using the expressions in Appendix one concludes 
that under f ll2ip the integrals scale as 

h \h, h V+' ^3 ^ V+' ^5 ^ h -> ^4 (126) 

g4 g4 

where = |(/2 + -^s)- The constraint (!92|) that determines /3 becomes 

2C0/4 + tt;o/3/i = (127) 
The equation for v fl82|) retains its form in this limit 

^' = ^("^^ = -^^'("^ ~ '^i)('' ~ ''2)(t^ - t^s) (128) 
The cubic polynomial P{y) fl83l) can be written also as 

P{v) = v\-ACl - ACl) + v\ACl - 4^1^) + v[wl + wl - 2{D^ + u^)] + w^ - w^ (129) 
Introducing the parameters 

wi±wo Ci±Co , . 

w± = ^ , = ^ (130) 

we find that they scale as 

C_~0(e°), w_~e^ w+~0(e°) (131) 

Then the scaling limit of P{v) takes the form 

P{v) = -2v^Cl - AC-C+v^ + 2{wl - z/2 - D^)v - Aw+w. (132) 
The number of spikes n and the winding number m are given by 

^ = TTl — = A (133) 

2CQV1V2V3I4 n A'KCoWo 
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We see that in this scahng hmit n grows to infinity while — stays finite. 

The scahng hmit (1121 p leads also to the following expressions for the conserved charges 

£ f Wo Co \ 1 S f wi Co \ 1 J wouli + 2DcoIi 



Airn \8co ^ 2wo ^/e^' Ann \8co ^ 2wo ^ ) e^^ Ann AcoWq 

Thus the ratio — remains finite while - and - diverge in this limit. 
We then find also that 

Co ^ 8 + S fwo + wi Co \ 1 . , 

2n 2wo 2n \ Scq Wo J e"' 

We conclude that in this limit 

5>J~n>l (135) 



and 

£+S £-S J m 



n^ n n n 



= finite (136) 



Let us note that a property of the scaling limit we discussed above is that the number of 
independent parameters gets reduced by one. Namely, in this pp-wave limit there remain 
only three independent parameters. To see this let us perform the following rescaling 

Vi — )• cvi, C+ — )■ c^'^C+, W- — )■ cw- (137) 

with all other parameters kept fixed. Under this rescaling the charges and the polynomial 
(11321) remain unchanged, so that all the quantities depend only on the combination C+iy_ 
and not separately on C+ and W-. 



VI. FAST SPIKY STRING FROM SL{2,R) LANDAU-LIFSHITZ MODEL 



As shown in 2l|, |22| following 19|, |20| , taking a large orbital momentum limit of the 



classical string action one can truncate it to a non-relativistic Landau-Lifshitz (LL) action 
that should thus be describing the fast-moving string solutions to leading order in expansion 
in large J . The same LL action happens to arise also from the 1-loop dilatation operator 
in the SL{2) sector of the SYM theory when one restricts consideration to certain "locally- 
BPS" coherent states present in the thermodynamic limit of large spin chain length J. In 
this limit (which is a generalisation of the BMN limit [17i]) the one- loop gauge t heory re sult 



for the energy happens to match the leading-order term in the fast-string energy ^8|, I30H32 



The leading-order fast-string expressions obtained in the previous section should thus 



follow also from a particular solution of the LL model [22 
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L = 7] sinh^ ^ ~ 2 (^^'^ ~^ 2 ^^^^ '^^ ^' 



;i38) 



Here we made a rescaling by a factor oi J' = 
conserved charges. 



which will be restored later in the expressions for 
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We shall use the ansatz 

ri = cuT + fia), P = p{(r) (139) 

leading to 

d„ (/' sinh^ p cosh^ p) = , P" ^\ ^^^^ '^^ ^^'^ '^P " 

Then 

AC. 



f = p = \ 2Cs - CO cosh 2p - ACl coth' 2p (141) 

sinh 2p ^ 

where C2, C3 are integration constants. Equivalently, the equation for p can be written as 

P(t;) = -AC^v^ + 2wt;2 ^ 4(^^ _ 2,:72^)^ _ 2u; = -4C3(t; - vi){v - t;2)(t^ - ^^3) (143) 

Now we can follow the same argument as in the previous section. Namely, we assume that 
P{v) has two positive roots < t'2 < v^, and vi < 0. The product of the roots is related to 

h = -2C3 = (144) 
V1V2V3 

Again, we have 6 < 0, so that for a physical solution V2 < v < V3. One can find vi, C2, C3 in 
terms of f 2, fs 

C^^ = _ ^(^'-^)(^--ll c, = ^, ., = -^^^ (145) 

4f if 2^^3(1 + V2V3) 2V1V2V3 1 + f2f3 

The number of spikes n is determined by 

/"^^ r f dp n dp I n , , 

27r = A(7 = / da = — = 2n d„J- = ^=/i 146 

Jo J P' Jv, dv^f^Piv) ^ 



where l\ is given in fll79p . The spin and energy of this solution are given by 



2^ do dL 2n ^ n ^ dp dL nl 



S = J I —1^ = Zllj I dv^^ = J (147) 

Jo 2ndr] 2n ^ dv 81) Any/^ ^ ' 

^ ^ , \ ["^^daf.dL .dL \ 2nX n dp/dL .dL ^ 

""-^-'=11 2^V'd^^%-'') = 2^jl + 

V1V2V3I+ - (f if2 + V2V3 + f3f i)/i (148) 



AnJ 

where /+ = |(/2 + /s), and /i, /2, -^3 are again defined in fll79p . 



The winding number is determined from an additional constraint given in [22 



Jv2 dv ^vP{v) 
— Vl + V1V2 + V2V3 + v-iVih (149) 

ZTT 
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where V^V" = 



|Vip = 1 with Vo = coshp, Vi = sinhp e'^. 



Ehminating using fll46p we thus end up with 



S_ 
1 

E-S-J 
m 



h_ 
2/1 ' 

SvrV 

— VI + V1V2 + V2V^ + V^iVi h 



h 



V1V2V3I+ - {viV2 + V2V3 + V3Vi)Ii 



Below we shall look at several special cases of these expressions. 



(150) 

(151) 
(152) 



A. Folded string: n = 2 

The 2-spike case corresponds to 



^3 = 1 , f 2 = arbitrary 



Then 



J 2V VoJKq] 



E-S-J 



4A 



Here 



m = 



1 



V2JK[q] 
K[q] (K[g] - E[g]) 



I - V2 
I + V2 



1 



V2 



cosh2p2 1 — 2x0 
so that we can transform the elliptic functions as^^ 

1 



sinh P2 



K[g], 



Then we finish with 



E-S-J 



S ^ E[^] ^ 
J K[V^] ' 
2A 



K[v/i^] E[v/S^-(l-Xo)K[v/^ 



which are the same as equations (B.18) and (B.19) in [32 . 
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(153) 

(154) 
(155) 

(156) 
(157) 

(158) 
(159) 



12 We use that [2^1-, K[f ] = k'K[k], E[f ] = ^ where k' = Vl - k^. 

Note that ref. [32[ used a different definition of elliptic functions: here K[Va5o] is the same as K(xo) in 



32|, etc. 
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B. Near-boundary, fixed number of spikes: "long-string" limit 

Next, let us look at another particular limit: 

Vi = -V3, f 2 



In this case 



^ ^ +0(1), (160) 



E-S-J^-—\n'v2 + 0{\nv2), (161) 

n 

m ~ — arccos^s (162) 



where we used that for vi = —{v2 + v^)/^! + V2V3) one has 

arccos f 3 



2 as V2^0 (163) 
3 



Solving for f 2 we finish with 



For n = 2 this reproduces eq.(1.5) in [3| for the corresponding asymptotics of the energy of 
the long fast-moving folded string. 



C. n — 7- 00 limit 

To obtain the solution in the analog of the pp-wave limit let us perform the same rescaling 
(11211) as in the previous section. Again, u is fixed while 

b^^b, C2^^C2, C3->^C3, v, = ~iv2 + vs) (165) 

The number of the spikes (11461) then scales as (cf. (ll26p ) 

1 , , 

n — )■ -n (166) 

As a result, we find 

m = — = 7^ ) (lo7) 



E-S-J _ 



n 2TT 

V1V2V3I+ - iviV2 + V2VS + V3Vi)Ii (168) 
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^ = — /(^) (169) 



where J = J/n, and we used fll26p and that /+ — )■ ^/+. We see that m and 7 are invariant 
under the rescahng V2 — )■ CV2, fs — )■ cv^, i.e. they depend only on V2/V3. This means we can 
express 7 as 

A 

where /(m) can, in principle, be computed from fll67p .( lTB5]) . 

Since the LL model describes also a certain class of coherent gauge-theory states in 
the thermodynamic limit of the 1-loop gauge-theory SL{2) spin chain, the above expression 
should represent the 1-loop anomalous dimension of the corresponding "long" "locally-BPS" 
gauge-theory operator. 



VII. PERIODIC SPIKES IN ADS PP- WAVE x BACKGROUND 

Let us now discuss a generalization of the periodic spike solution from section 2 to the 

case of non-trivial motion in S^. 

After taking the limit discussed in [l^ the metric becomes an AdS-pp-wave times original 
(the limit did not affect the 5-sphere). Let us consider the solution in the following 4- 

dimensional subspace of this limiting space with metric 

ds^ = \ (dz^ + 2dx+dx- - (/z^dxi) + da^ (170) 

where a is an angle of period 20 parameterizing a maximal circle 5^ C S*^. It is straightfor- 
ward to write down the equations of motion and constraints in conformal gauge for a string 
moving in such background. To solve them, we propose, by analogy with the discussion in 
the previous sections, the following ansatz 

a;± = cu-i-r + 0-|-(u), a = cur + 0q,(u), z = z{u)^ u = a + f3T (171) 

Such solution represents a rigid string that moves along the direction x = V2{x+ + x^). In 
addition, it wraps the 5*^ as well as moves along it. The equations of motion for x± and a 
can now be easily integrated to 

<P'^ = C^, 0'+ = + , = -1^ + C.z' + ^m'C^z') (172) 

where Ca, C± are constants of integration. The conformal gauge constraints are 

= C^uj+ + C+LO^ + LoD (173) 
(1 - = _^2^2 ^6 _ 2C+C.z^ + ii^^ul -cu^- D^)z' - 2uj+cu_ (174) 



Let us note that the large n hmit considered in this subsection is not exactly the same as the pp-wave 
limit considered above. The assumption made in deriving the LL model is that J 3> 1 with ^ (and m) 
kept fixed, while in the pp-wave limit we had j ~ n 3> 1. In general, the fast-string or LL limit and the 
pp-wave limit do not commute. As a consequence, we cannot set m = in the above expression (I169p . 
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where, for simplicity, we introduced a new constant D through 



a 



1-/32 



(175) 



Introducing the variable v = z'^ we can rewrite the second constraint as 



V = 



1-/32 



(176) 



(177) 



This equation determines the shape of the string z{u) (given which we can then obtain 
x±{(T,t)). The same equation can be found by taking the hmit discussed in section 5C (cf. 
eq. fll32p ). Here we rederived this result as a check and also to introduce the ansatz fll7ip 
which can be useful to obtain other solutions. 



VIII. CONCLUSIONS 

In this paper we have analyzed a large class of string solutions in AdS^ x S^. We focused 
in particular on the spiky string solutions in AdS^ x and their limits. We found that 
because of the motion in C the spikes no longer end on cusps. 

In the limit of fast spiky string we matched its energy to that of the corresponding solution 
in the SL{2, R) Landau-Lifshitz model. 

Another limit that we considered was the "pp-wave" limit in which the number of spikes 
n goes to infinity while other conserved quantities scale in certain ways with n. 

On the gauge theory side this limit corresponds to a particular thermodynamic limit of 
the SL{2) spin chain. The classical string energy that we found represents a strong-coupling 
prediction for the corresponding gauge theory anomalous dimension. The implications of 
this limit deserve further study. 
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Appendix: Some useful integrals 

Here we summarize various integrals that we used above 
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'V2 0^/-v{v - Vi){v - V2){V - V3) 

These integrals can be written in terms of the eUiptic integrals 

Ji= , ' Kly/S], 7, = /HE^ElVi] + ^ii=i=KlV51 

V1V2 V ^3 ^/v3{v2 - Vi) 

where 

V3{V2 - Vi) 

Other integrals we used in this paper are 



h{v2,v) = dv 

J V2 



■\/-v{v - Vi){v - V2){V - V3) 

h{v2,v) = / dv- 



(1 + V)y^-V{v - Vi){v - V2){V - V3) 
11 

h{vi-,v) = / dv- 



pv 

y{V2,v) = / 

J V2 



(1 - v)^J-v{v - Vi){v - V2){v - V3) 

For particular v — these integrals can be written as 

V 



rv3 

h = h{v2,V3) = dv 

J V2 



\/v^{v^^^Vl) ^3 

h = h{v2:V3) = dv 



^J-V{V - Vi){v - V2){V - V3) 
'^V2 .V3 -V2 ^ 



(1 + V)^-V{V - Vi){v - V2){V - V3) 



{l+V2)^Jv3{v2-Vl) V3O- + V2) 

/•V3 

h = h{v2,V3) = dv 



(1 - V)y/-V{v - Vi){v - V2){v - V3) 
2^2 V3-V2 ^ 



il-V2)y/v^{v^^^ V3{l-V2)' 
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